Abstract. A quasi-expectation of a C*-algebra A on a C*-subalgebra B is a bounded linear projection Q: A -> B such that Q(xay) = xQ(a)y Vx,y £ B, a e A. It is shown that if M is a von Neumann algebra of operators on Hubert space H for which there exists a quasi-expectation of B(H) on M, then there exists a projection of norm one of B(H) on M, i.e. M is injective. Further, if M is an amenable von Neumann subalgebra of a von Neumann algebra N, then there exists a quasi-expectation of N on M' n N. These two facts yield as an immediate corollary the recent result of A. Cormes that all amenable von Neumann algebras are injective.
Let A be a unital C*-algebra and B a unital C*-subalgebra of A. By a quasi-expectation of A on B, we mean a bounded linear projection Q: A -» B such that Q(xay) = xQ(a)y Vx,y G B, a G A. A classical result of J. Tomiyama [13] says that any projection of norm one of A onto F is a quasi-expectation. In what follows, we will show that if M is a von Neumann algebra of operators on Hubert space H, then the existence of a quasi-expectation of B(H) on M implies the existence of a projection of norm one of B(H) on M. We will show further that if M is an amenable von Neumann subalgebra (as in [2] ) of a von Neumann algebra A, then there exists a quasi-expectation of A on M ' n A. These two results yield as an immediate corollary the recent theorem of A. Connes [3] stating that amenable von Neumann algebras are injective.
We begin with an elementary result relating the existence of projections of norm one on a finite, countably decomposable von Neumann algebra M to M-centralizing extensions of traces on M. For a functional/on a ""-algebra B and x E B, we write x •/, /• x, and f* for the functional on B defined respectively by (x • f)(y) = f(yx), (/• x)(y) = f(xy), and f*(y) =f(y*). A trace on F is a nonzero positive functional t such that t • x = x • t Vx G B. If A is a C*-algebra such that A** is injective, then A is nuclear [1] . The following corollary then follows easily (as in the proof of Corollary 2 of [3] ).
Corollary 5 (Connes [3] ). Amenable C*-algebras are nuclear.
